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Abstract

The nonlinear wave equation, ¢, — A¢ + ¢ = 0, has many solutions that are periodic in
time and localized in space, all with infinte energies. The search for spherically symmetric
solutions that are well represented by the simple approximation, ¢(r, t) = A (r) sin wt,
leads to a discrete spectrum of solutions{¢p/(r, £; w3} The solutions are nonlinear wave-
packets, and they can be regarded as particles. The asymptotic theory (w — ) of the
motion of the guiding center of the Nth wavepacket, in the presence of a specified
potential, is characterized by an infinite mechanical mass and an infinte interaction mass,
and they are compatible. The rest mass in the classical relativistic mechanics of gniding
centers is mg 2=#n Nw; i.e. the spectrum (¢} determines a spectrum of Planck’s constants.

1. Introduction—properties of periodic solutions
The nonlinear wave equation,
ber— NP+ ¢>=0 (1.1)

is often referred to as the classical (¢*)4—theory—classical because the
Cauchy problem, ¢(x, 0) and ¢,(x, 0) specified, is well posed in it (Strauss,
1968), and (¢*), in accord with its variational formulations in terms of

Wiol = [ {32 - 1Vo ) —4o% dx ar (1.2)

At first we shall deal with general properties of spherically symmetric, periodic
solutions of the Euler equation (1.1), then, in Section 5 a variational formulation
will be introduced to provide a further restriction of the class of solutions.

1 On leave (1972-73) Université de Paris VI, Département de Mécanique, 75 Paris
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The spherical solutions of (1.1) satisfy
2
Ot~ Op = b= ¢’ (1.3)
and the conservation laws (cf. Noether’s Th.),

.2,
pt+]r+7]=0

(1.4
otorsZg7=0
where

p=30 +¢,°) + o'

o=5(9:" +9,7) - 4¢" (1.5)
T=—0:9r
In accord with (1.4) we shall define the total energy of a solution as

R

EERliinm Fg, Egr 5477’6’-,07'2 dr (1.6)

The reason for the limit in (1.6) will become evident presently; at this point
let it be noted that

d dR
—~FEprin =09 pR(), t)—=jR({®), 1.7
7 Er® pP(R(1) )dt JR(@), 1) (1.7)
In particular, for a periodic solution, where p(r, ) and j(r, £) have nonzero
and zero mean values, respectively, R(¢) is periodic and the mean value of the
energy within a sphere of radius R is constant.

The spherically symmetric periodicity condition is

$(r, )= () + $(r, ()t +3(7)) (1.8)

where ¢ is the mean value and 5(:', 8) is a 2m-periodic, zero-mean function of
6. The substitution of (1.8) in (1.3) implies significant restrictions: when the
result is multiplied by ¢y and integrated over a period, it follows that

p2id
(ﬁ [’ (r) + 8" (N] j aezd@) =0 (1.9)
0

7

and, in turn, that the only periodic solutions that are regular at » = 0 are those
for which w'(r) = 8'(r) = 0; i.e. the frequency and phase of the oscillation are
constants, to which we shall assign the values one and zero, for convenience.
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The second restriction follows from the equation,
2
N e
¢rr+—_¢r= o+ — d)t dt ¢ (110)
¥ \ 27
0

which has no solutions, save ¢ = 0, that remain bounded for 0 <r <o, regard-
less of the behavior of ¢. Thus the condition that ¢ shall be zero is necessary
for the existence of regular solutions.

All told, the conditions on the solutions to be discussed here are:

2
1. Spherical; ¢,, + A & — b= ¢,

IL. Periodic; ¢(r, ¢ + 2m) — ¢(r, ) = ¢(r, 0) = ¢(r) = O,
I, Regular (r=0):¢0,)=0,
iV. Regular (r > o0); ¢(r, t) > O asr > oo,

To each solution of (I-1V) there corresponds an eight-parameter family of
solutions of (1.1), generated by the Poincaré group (with seven parameters in
place of the usual ten because of the spherical symmetry) and the dimensional

group,
o(r, )= o(r, 1) = wo(wr, wt) ’ (1.1D

which generates solutions with an arbitrary frequency. A typical example is

o, 1)~ $(x, 1) = WO (F, 1),

2\ 1/2
fzw( +y 2+(Z %?) (1.12)
o b
t—w\/l__

with two of the eight parameters—the remaining six are the displacements,
t—>t— fg and X > X — Xq, and the polar and azimuthal angles of the z-axis.

Given a solution of (I-1V), the corresponding solution (1.12) is a wave-
packet, with a spheroidal envelope that moves with the constant velocity 8
(the carrier wave has the frequency w/+/(1 — %) and it propagates through
the envelope with the phase velocity 1/8)—in effect, a free particle of the
classical (¢4)4-theory.

2. Existence—further properties

It has been shown elsewhere (Bisshopp, 1971a) that there are uncountably
many solutions of I-IV. In brief the existence proof goes as follows:
Equation (1.3) is hyperbolic, and the Cauchy problem, ¢,(C, £) = 0 and
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(0, 1) = f(¢), is well posed in a neighborhood of r = 0. We seek conditions on
the initial data f(#) such that the solution of I-III is bounded on the strip,
0<#< 27 and 0 <r <o, and satisfies IV. The method is by construction of
Lyapunov functionals, the first of which is the average of the second con-
servation law over a period. Let (-) denote the average over a period, and let

S[gl =(0)=%(¢,) + V[g]

2.1
Vsl =3¢e") — 46" -
When ¢ is a solution of (1.3) the rate of change of § with r is
as_ 2, .,
>z <0 2.2
Lo (2.2

The functional V'{¢] depends parametrically on r; its properties, such as the
functions for which it is stationary, are independent of .

1,22

v 5 A <BL>
1,2 2
'E A <gt>

Viagl

| Ay [g] \ A
A**[g3
Figure 1-V{Ag] for fixed g(r, 1).

In terms of the representation,
60, 0)=APglr, D, (g)=0, (H=1 4+ (2.3)
V{Ag] varies with A as depicted in Fig. 1.

The value marked Vi in Fig. 1 is the minimum over all choices of g of Vi [g];
it is the height of the lowest col (§ ¥ = 0), and it is positive (~¢ for g ~ /2 sin 7).

To find bounded solutions we consider the initial data,
¢40,£)=0, ¢(0,2) = Ag(2), 0<A <Axxlg]<Axlg] 24)
Then

Ve > V(0)=500)=S@ =2V =0 (2.5)
i.e. the solution is trappedt in the basin of ¢ = 0 where
(0, )< 25() < 2Vawe 2.6)
(0, Y<4V(r)<4S()

+ The domain of trapped solutions is considerably larger than that defined by (2.4).
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A further, less obvious property of the trapped solutions is the existence of a
positive number € (in the range (0, %) and independent of 7) such that

e(p A <{o2) — (¢, 0<r<e @7

The result follows from the observatlon that 4 3V [A4g]/34 > 0 when
0<]A4l<Ax«[g] and 4 3V/34 >%4%{g?) in a neighborhood of 4 = 0.

To see that the trapped solutions satisfy IV we introduce

B 38

STgl =S[e] +>(og, )+ 259", >0 (2.8)
such that
S _ 2-8 3p
o <¢,2>~~—(<¢t2> <¢“>)—;—3—<¢2>
From the Poincaré and Schwartz inequalities (recail (¢} = 0) and (2.5),
(GH<(s)<4S( \
(9, <(9*N9,2)< 85(r)? (2.9)
or
5()=50) (1 + 20, “‘(”)) 2.10)

N <2428, 0<p()<6B
Given € > 0 and (2.6), the choice 2 — 8= eﬁ implies

1dS  —4e u(r) 4~/2¢
=+ AF) +— > 2.11
Sdr 1+e¢ ( @) T 1t 1)

from which it follows that S, {¢,2), {¢,%) and ¢ approach zero as r - .
Once again from the Poincaré and Schwartz inequalities and (2.5),

(6702 <(¢"(9)<64S ()’ 2.12)
(¢%0,2)<325(r)°
Thus the Fourier series,

¢ =2 a,(r) sin nt (2.13)
¢ =% b,(r) sinnt

converge in the mean to C* functions of 7 and ¢,
The equations for the Fourier coefficients,

2
anrr+7anr+”2an =by (2.14)

by, = 2<{sin nt (T ay sin k1)*)
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have the formal solutions (a,,(0) = 0},

sin nr

r
J ob,(0) cos no do)

0

an(r) = (an +

r

— ( fobn {0) sin no a’o) CO}::V (2.15)
0

in(r—8,) 1 [
=w@r——’-’-)+—— fcrbn sinn(o —r)do
nr

r

nr

where
&, =an(0)

oo
Ky COSO, =ay, + frb,, cos nrdr
0

- (2.16)
Ky sind, = frbn sin nr dr
0
The asymptotic expansion of ¢ for 7 = o=,
o, 1) —zmiﬁ&) sin nt + i()(r'") (2.17)
’ nr ~ ’

can l;e generated directly from (2.15). It follows that S, (¢ and (¢, are of
0Gr™).

3. Approximate solutions

Given the convergence of the Fourier series (2.13), it is suggested that
qualitative features of increasingly more complicated solutions can be des-
cribed by the Fourier-polynomialst,

v
¥ =3 a®() sinnt
1

(3@ = z b®(r) sin nt (3.1)

+ Cf. Galerkin’s method, the Rayleigh-Ritz method, the variational method.
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The equations that govern the vth approximation are

r

a() = (af,v) + f b cos no do) su;:r

0

.
- ( J‘ob,(f) sin no do) s (3.2)
0

nr

v )
b,(,v)(r) =2 <ﬁ'n nt (2 a,(c') sin kz)3>
1

Note that (¢%)® # ()3, the terms where n > v are discarded for both ¢
and ¢3.
The simplest of the Fourier-polynomials is the one-term approximation,

p~A(r)sint, ¢ ~343sin¢ (3.3)

governed by
2
A +54,+(1-34D)4=0,  4,0)=0 (3.4)
r

To understand the behavior of A(r), it is instructive to introduce the analog
of S[¢],

28[g] > S, [A] =3(4,* + 4%) — F54°

3.5)
as 2

Lo A, + (- 34D = 4

I r

The analog of the basin of ¢ = 0 where periodic solutions are trapped is the
interval | 4(0) | < 2/+/3 for which 0 <8, [A(0)] < §. The qualitative behavior
of A(r) can be seen in terms of the traces (A(r), A4,(r)} in the phase-plane: for
[A(0) | < 2/+/3 the trace spirals inward and, as 7~ o,

_ksin(r—8) 9« cosz(r §)+0(l)
r

A(r) (3.6)

32 ¥ I

where k (4(0))(= —k(—A4(0))) and §(1 4(0) |) are monotonic functions, not
easily evaluated. For | A(0) | > 2/4/3, | A(r) | increases and diverges at a finite
value of 7.

The specification of features of A(r: k) is a numerical problem, in general;
here we shall discuss the two limits, 4(0) = 0 (k > 0) and 4(0) > 2/+/3
(K - oo)
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In the limit where A(0)— 0 we have A% < 1 for all r (from the properties
of §1{A4)) and (3.2) can be iterated to obtain

T,
A(F) = A(0) (S”” 34(0) 3‘-’:—r j 3”22 ‘fdo) (1+042) (B.7)

0

It follows directly that the limit 4(0) — O is the limit ¥ = 0 and that
5 [ sin®r 4
S(K)=3« f ——,Tdr+O(K )
0

=%g/<2 +0(k%, k-0 (3.8)

In the limit where A(0) > 2/4/3 (from below) the behavior of A(r) is a
nonuniform approach to the plane wave (i.e. the non-localized solution where
A =2/+/3,4,=0) for finite values of r, and to the asymptotic decay (3.6)
asr = =, In effect, the domain of validity of (3.6), r > R« (say), is pushed
outward, and k and 8 become larger and larger. The asymptotic form of A(r)
consists of a body which can be defined as 0 <<r <R where R is the radius of
the first zero of 4, a transition (R <r < R ) where the oscillation is of rela-
tively large magnitude and the separation of zeros of 4 is of O(In R), and a
tail where (3.6) is an adequate approximation. R, R«, k and & all diverge as
A(0) > 2/+/3 to see how, we consider the limit R — oo,

In the limit where R -+ o the limiting form of the solution in the body is

A(F) = mtanh[ll (M)w(l” (3.9)

V3 2 \Rsinh /27 R
on the interval 0 <7 < R. The correction is zero at ¥ =R and is 0(1/R) on
the closed interval. Thus as R - o0, 4(0) = 2/+/3 in accord with the asymptotic
refation,

A(O)~:/%(1 —4y2Re"V2R) (3.10)

The qualitative behavior of the solution in the transition from body to
tail can be inferred from the approximation, analogous to (3.9),

cosh v/2(R —r) 1
A(r) = :/—3 tanh { (———~_—COSh T _R)) +0 (Rﬂ (3.11)

for R<r<2R — R, where R is the zero of A, after R and 2R — R is
(approximately) the second zero of 4. To obtam estimates of A(R) and R
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we note that 2/+/3 — 4(0) and ¥ — §,(0) are exponentially small and that
S 1(R) can be evaluated approximately as

S1(R)= 51(0)—58;‘[2‘~ f sech4( ) )dr+0(1) (3.12)

GO

SRV

3 9R R
Since 4, (R) = 0, (3.12) implies

_ 2 8\/2 172
A(R)"’—“\‘/—3 (1 - (—3?) ) (3.13)

and from (3.11) it follows that

R—-R~ -~—~—1n (6R> (3.14)

22 \W2

Thus, as A(0) = 2/+/3 and R = o, the amplitude of the oscillation in the
transition is large

4 -1/2
241~ 50— 0R ™)
and the separation of zeros of 4 is O(In R), as mentioned earlier.

Once again from the properties of §4 {A] it follows that the scale-length
defined by the rate of change of S;(r)(S1(7)/S; = 0(1/r)) increases with 7
while the separation of zeros of A decreases with 7. Thus the estimate, period/
scale-length = 0(R "' In R), is an overestimation for »> R ; and a relatively
gross approximation of the solution in the tail (error of O(R ™! In R)) can be
found by lumping the transition and tail together in a single phase-amplitude
approximation. For R <r <eo we seek a solution of the form A(r) =
A(P{r), r) where A(8 7} is a 2m-periodic function of 8. Then, in the lowest
approximation where 3/9r is neglected in comparison with P, 3/36, we obtain

A = fPEHEE)( +0R ™ InR)) (3.15)
where the osculating approximation f(6; £) satisfies the local energy equation,
SP2f + 51— =E() (3.16)

The functions P(r) and £ (r) are determined by the conditions, (1) that f
shall be a 27-periodic function of @ and (2) that the correction to 4 of
O(R ! In R) shall be a 27-periodic function of 8 (i.e. that there is no unbounded
secular term)(Luke, 1966). The results can be most easily stated in terms of
the action,

I, EY=P} § £y df =P, i(E)
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E)= § VRE 312 + 1) df] (3.17)

Then
(1) Jg =P,j'(E)=2n (3.18)
Q) < (Jp)y = (P(E)), =0 (3.19)

the first is the nonlinear dispersion relation and the second is the transport
equation —r2j(F} is the adiabatic invariant.

In principle, we have & (R) and 8(R) approximated to O(R " In R) now.
Asr >0 E = 0;j(E) = 2nE(1 + 55E + 0(E)) and A ~ +/2E sin P: the
appropriate choice of the integration constant for (3.19) is

2 .
K K sin P
JE)=—75> A~

3
7‘2

Atr=R;E(R)~S{(R)~ % and j(}) = 164/2/9: thus

_[164/2\? In R
K= (—“917—) R (1 +0(—R—)) (3.21)

The evaluation of §(R) is more complicated: what is called for is

(3.20)

P(r)=ﬂ+ﬁf%=r—8(}2)+0(%) (3.22)

The exact evaluation of the leading term of §(R) appears to be rather difficult—
various approximations lead finally to the numerical estimate,

S(k)~ 157« (1 +o(%—'f)), K > o0 (3.23)

with an error estimated at 1 or 2%.

hlm
=3

/r

Sy

:
%

-

Figure 2. R(k) — o and g ~» o=,

x = 0(%n R) Xo= 0{1}
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In short, the functions A(r; k) vary smoothly from the linearized solution
A~ (k/r)sinr for k ~ 0 to the solution depicted schematically in Fig. 2 for
k = o=, The phase shift (k) of the asymptotic approximation, 4 ~ (k/r)sin (r — 8)
as ¥ —> oo, increases from 3m<2/16 fork ~0tod =37k as k —> oo,

4. Heuristic theory of the discrete spectrum

The one-term approximation
K 1
o, )= A(r; k) sint=—~sin{r — (k) sinr +0 (F) 4.1)
r

discussed in Section 3, is attractive in a number of ways: The approximate
solutions of the form (4.1) describe the least complicated wavepackets that
can be identified with free particles in the (¢%),4-theory; and they provide a
link between the wave-equation and the Klein-Gordon equation: both can be
considered as governing asymptotic approximations {k > 0 and k ~ oo,
respectively) within the larger theory.

In this section we shall introduce the question of when (i.e. which values
of k) there is a periodic solution ¢(r, ¢) that is ‘close’ to an approximation of
the form (4.1). Evidently, something like a norm will be needed; we shall
discuss the matter in terms of the total energy.

As noted in Section 1, the mean value of the energy within a sphere of
radius R is constant when the solution is periodic. Accordingly, we shall define

R
Ep = 4ﬂ< [RECICEET SRR dr> (4.2)
0
where
1 27
=5 g . dt “.3)

When ¢(7, £) is a solution, Ex can be transformed by integrations by parts
and the use of (1.3) andfor (1.4);e.g.

R
Eg =4n <%r2 60,05 + [ (o2 - 46 dr>
’ (@4)
R
=4n <%;r30 5 +3 [ 2@ + 36 dr>
¢}

The most convenient form is the integrated form, i.e. the linear combination
of the three that contains no integral over 7,

Eg = 41R (3((r9) + (r8)? — %) ~ 472" |r-r (4.5)
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From (4.5) the limit of £ as R - °° can be evaluated in terms of {k,,}. Let
r$ = x: then

Xet = Xer +X/1° =0 (4.6)
and, after one more integration by parts,
— 1 1x* 1 oﬁx“ 1x*
Ep =4nR{{=(xZ + %D~ —5 | ——J—d -
R 71<(2(Xt X) 4r2> 7 )=
[dadd R r=R
2 1

=R K} +0 7 : 4.7)

The divergence of £ with R, while in one sense less serious than that
encountered in the quantized (¢*)4-theory (O(R) vs. 0(R>)), is in another
sense more serious: renormalization by the disregarding of infinite contributions
is not an option here—the renormalized energy of every periodic solution is
zero. For present purposes we shall simply let Eg diverge, keeping track of
how.

The coefficient A(r) of the one-term approximation is governed by

2
Arr + ;Ar + (1 - %AZ)A = 0’ AV(O) =0 (4'8)

and the evaluation of £x for ¢ = A(r) sin  can be carried out in parallel with
(4.4)-(4.7). The result,

suggests the first condition we shall propose as necessary if ¢ (7, ¢; o) is to be
well-represented by A(r; k) sin 1; viz.
k% = k2 (4.10)
To arrive at a relatively simple description of a spectrum of values of xk we
shall consider the one-term approximation (4.1} as the first step of an iterative
procedure that is to be used, in principle, to generate solutions of (1.3). At
the third step and thereafter in such procedures there are relatively arbitrary

decisions to be made with regard to the ordering of succeeding corrections;
but the second step is the same in all cases, viz.

é(r, )~ A(r; k) sin ¢ + A(r; k, &) sin 3¢ (4.11)

where A is a solution of (4.8) and 4 is a solution of

2 _ ‘
At 7A,+9A =—%4°%  A,0)=0 (4.12)
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The solution of (4.12), given A(¥), can be written,

o6

J 043(0)sin3(r —0)ds  (4.13)

r

— . Ksn(Br—8) 1
= et D e e
A@) 3 12r

where

K cos§=A4(0)—% f 043 cos 30 do
0
(4.14)

Ksin§=—% | 04%sin30do

D ey g

At this level of approximation the condition (4.10), that the energy of the
one-term approximation shall be that of the solution generated from it, implies
K=0;ie.

A(0)=% | 043 cos30do (4.15)

Ot.._ﬁg

J-O‘ABSiH 30do=0
0

The first of the conditions determines the integration constant as a function
of k; the second determines a discrete spectrum {k -} of values of k for which
there exists a second approximation whose total energy does not differ from
that of the first by an infinite amount of O0(R).

The evaluation of {ky} is evidently a fairly involved numerical problem:
here we shall present an estimate based on an approximation of A(r) for large
values of k. In accord with the asymptotic form of A(r; k) (compare Section 3)
we propose the rough approximation,

Ay = 2/\/3 0<r<R
A(rik) - (4.16)
Kk sin (r — §)

R<Cr<Ceo
v

where R is the first zero of 4 and « is proportional to R. Then

e R oo

03 .

in” (06— & 30d

f"AsSin30d0“*Ao3fOsi113odo+;<3fSn (. 3sm odo
g

0 0 R
K3
=0(44°R) — aR ° 38 + 0(x3*/R%) (4.17)
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and as R — oo, the term that has been evaluated is dominant. Thus the
asymptotic estimate, for large «, is (compare (3.23))

‘IT
Sy~ tE), k=3 TE) (4.18)

Just how accurate the estimates (4.18) are, especially for small N, will be
left unspecified; at the very least, they can be regarded as a rough model of
the actual spectrum.

The heuristic theory of the spectrum, though relatively easy, is not
altogether satisfactory. In the first place, no compelling argument has been
advanced in support of the hypothesis (4.10). Even if that is accepted on
faith, however, further shortcomings appear when we consider the higher
approximations. Let us suppose that the problem of specification of the order
in which succeeding steps are to be carried out has been resolved; then the
basic problem we are faced with can be stated as follows: At the vth step of
the iteration we have k,, Fourier coefficients, where k,, depends on the scheme
and generally increases with v. Thus we have &, integration constants and only
one relation between them. The discrete nondegenerate spectrum of second
approximations is fortuitous—the approximations of higher order are
degenerate in a way that depends on the scheme.

In the section to follow we shall seek the further conditions that serve to
resolve the degeneracy of the higher approximations. Then in Section 6 we
shall develop a more comprehensive theory of the discrete spectrum.

5. The variational problem

The ‘spectrum’ of solutions of I-IV is nothing like discrete: the parameters
that distinguish one solution from another (e.g. {a,}) define uncountably many
solutions (aleph-1 to the power aleph-0). In this section we shall develop a
criterion that reduces their number to a one-parameter family of countable
sets (aleph-1 times aleph-0), still uncountable but considerably more
manageable.

First, let it be noted that (1.1) is a necessary condition for the variational
problem, W = 0, whenever W[¢] exists. Accordingly, it is suggested that we
regard that as the basic problem, with (1.1} a part of it. Then, in principle,
all that need be done is to evaluate W(a,) = W[é(r, 1; &,,)] and investigate
conditions for stationarity of W with regard to the choice of {e,,}. For periodic
solutions, the integration over all time can be replaced by the average over a
period, and then, after the usual integrations by parts and the use of (1.3) and
(2.17),

R
Wy = 4ﬂ< [P G2 -6 1% dr>
0

R
=q (<Jr2¢4 dr> ~Z"—z"nzsin 2(nR — 5,,))+ 0 (é) (5.1)
J \
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Equation (5.1) displays a familiar annoyance that is known to appear in
singular, two-point boundary value problems: when the interval becomes
infinite, quantities we would like to manipulate either diverge, as we have
seen with the energy, or cease to exist, as above. The difficulty is easily over-
come, in this problem, by noting that W can be modified by the addition
to it of a surface integral.

We assert that (1.2) was in fact the wrong guess, and that the appropriate
variational principle for the spherically symmetric periodic solutions is
&W = 0 with W[¢] redefined as the limit where R oo of

R
WR = 477 <J‘{r2 (%(4)12 - ¢)r2) - 21F¢4) + %(’2 ¢¢r)r} d’> (52)
0
The conditions for §Wg = 0 are: (a) the Euler equation (1.3) on the interval
(0, Ry and (b)

2P (¢, 8¢ — pd )R =0 (5.3)

Given a solution ¢(r, £; &), in accord with (a), the second condition for
§W =0 can be written,

Em (F2 2 ($r¢g,, — 00ayr) 50,0 =0 (5.4)

proc

Moreover, the limit of Wg [6(r, t; o,)] exists and has the value,

I7(O‘n) = Rliinw I'T/R [o(r, 2:ap)]

=w<°fr2¢4 dr> (5.5)
0

The partial derivatives of V(a,) exist and can be evaluated as follows:
o, satisfies the variational equation,

2 4 ¢
O — Oy =9, #3079 =0 (5.6)

and from (5.6) and (1.3) it follows that

Vo, = 4m < [P o0, dr>
4]

=2 lim (P (60, — ra,))

Jrn 00

K2 (08 m
=ny (E) (5.7)
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By similar calculations,

K
Z ﬁ (Kmo, Bmoz),- = Kmay 5ma§) =0 (5.8)
and
_ Km
Vaitxj = z ”HT (Kma,- 5mo¢j + Kma; 8mozi + Kmamaiozj) (5.9)

Equations (5.7) and (5.9) serve to relate properties of ¥(ay,) and ‘boundary
conditions at =’; the condition (5.3) becomes

§V=2 V, 6a,=0 (5.10)

What remains to be done is to decide what class of variations is to be
allowed in the application of condition (5.10). The simplest variational
problem, that ¥ shall be minimized by the choice of {q,,}, is too restrictive:
IZ(a,,) is greater than or equal to zero, and the unconstrained minimum,
V=0, is clearly attained for o, = 0, L.e. for the trivial solution, ¢ = 0. There
might be other stationary points of ¥(oy,),T but, if such points exist, the
corresponding solutions are not generated by the one-term approximation
(4.1). In the one-term approximation V{(w,) ~ V(a), a = 4(0), and (from the
results of Section 3) the only zero of V, is at a = 0.

To arrive at a varjational problem that includes nontrivial solutions, we
propose that V shall be minimized subject to a constraint, H(a,) = constant,
Now let it be noted that there is a ‘constant of the motion’ associated with
the problem, 6 Wp = 0, viz the total energy,

Er=Tg +Vpg (5.11)

R R
Tr 52ﬂ<fr2(¢t2 +¢>,2)dr>, Vg En<.fr2qb4d;>
0 0

The finite problems, that Wy shall be minimized subject to the constraint,
Eg = constant, (essentially the principle of least action), have a well defined
limit with the necessary conditions, (1.3) on the interval 0 <7 < o0 and

. ~ -
5 (—:) =(, H= lim =Tg =7 Z«,,* (5.12)
R—)oaR

The corresponding conditions,

(5.13)

T =

K
m (?f Sma, — mm%) =0, A=

+ This would not be an option if 17(01,,} were convex; a proof of that, if true, would
strengthen the arguments of this section.
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are the heretofore unspecified ‘boundary conditions at =’ (complemented by
a,(0) = 0) that provide the means for dealing with the degeneracy of

o(r, £ a,). The global structure of the resulting problem can be conjectured
to be the following:

We shall assume that ¥ (a,) varies on the surface, & (an) = constant in such
manner that (5.13) has a discrete spectrum of Solutmns oV (ED} + In general,
the functions oz,(qN )(ﬁ) cannot be expected to be continuous, much less
differentiable: to ‘compute’ them, even approximately, requires a change of
the point of view. The problem can be approached by considering Cl-curves
{0, (s)} on which dH/ds = Ecan # 0. Then, if {«™(H)} is discontinuous,
the problem, find stationary pomts of ¥ on H that are near a specific curve
{0, ()}, determines a discrete spectrum {Sy [0, ()]} and {H(0,,(Sy)}- To find
all the stationary points in a relatively systematic manner one can consider:
first the oj-axis, then the rays in the ay, ap-plane, and so on.

The foregoing conjectured geometrical interpretation of the appearance
of discrete spectra in the classical (¢*),-theory is partially supported by the
result of the section to follow. On the @ y-axis and with near interpreted as
sufficiently near to be found by successive approximations, (5.13) determines
the spectrum {kx} of Section 4—without (4.10) and nondegenerate.

6. Bifurcation—formal theory of the discrete spectrum

The problem at hand can be characterized as one of singular bifurcation
theory: singular because of the infinite interval and related unmanageable
degeneracy of the solutions ¢(r, #; &,,)—solutions we shall view as branching
from the one-term approximation at a spectrum of bifurcation points
{{ky} or {65} (Keller & Antman, 1969). In some problems of regular
degenerate bifurcation theory it has been possible to solve the bifurcation
problem (with fixed finite degeneracy), then resolve the degeneracy by an
appeal to stability (Dean & Chambre, 1970). That, however, is not possible
here; and we proposed to reverse the order, dealing with stability first,
bifurcation after.

The stability problem associated with solutions of (I-IV) is in fact a rather
involved one: it is necessary to consider perturbed solutions of (1.1) within
a relatively broad class of nonperiodic functions. For present purposes we
shall avoid the stability problem by presenting, as a conjecture, that (5.13)
is a stability condition.t What will be done here is to develop a formal
scheme of successive approximations for (1.3) and (5.13), based on the
intuitive notion that we are dealing with solutions for which ¢ ~ 4 sin ¢.

The condition (5.13) provides an eigenvalue problem that determines successive
approximations of N(= V/H) and {,}: the bifurcation condition will be
estimated from the first approximate solution of the eigenvalue problem.

+ Here again a proof would be welcome, and would strengthen the argument about
global structure; local structure (where ¢ ~ A4 sin ) will be dealt with, shortly.
I Stability will be discussed in a sequel.
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Let us begin by isolating the first Fourier coefficients of functions ¢(z, 1)
that satisfy condition 1I, in terms of projection operators. Let

piid
1
po= - f o, t)sin rdt
0

Pp=sint pg
Pp=¢—Po (6.1)
and in particular, for a solution,
¢=Pp+Pp=a(r)sint +, pp=0 ©6.2)

The basic conjecture, at the first level of description, is that solutions of
(1.3) in a neighborhood of a solution of (5.13) can be generated by the itera-
tion,

alriop ) a0 0,) =0y {6.3)

Qpp T %’ar +(1 - %‘32)3 =p(¢3 - (P¢)3)

@, t;0,): (0, t:05,)= 2 @, sinnt (6.4)
n#+i
B+ 28— b= ke sin 30+ PP - (P0)Y)

Indices have been suppressed in favor of the convention that the declared
quantity, @ or ¢, is the only unknown in the problem that follows it. In
principle, the cyclic iteration ((6.3), (6.4), (6.2)), with the initial condition
¢ =0, is to be performed for sufficiently many cycles and for sufficiently
many values of {a,} to obtain an approximate solution, with specified
accuracy, of (5.13).

As posed at this level, the iteration is

$=0,((6.3), (64), (62)Y, (5.13) (6.5)

where the exponent v indicates the number of times the cycle is iterated.
Since (5.13) is outside the cycle, M(a,) is to be determined for arbitrary {,,}
(in a neighborhood of a solution of (5.13)). Needless to say, an iteration that
contains (5.13) in the cycle is a great deal more efficient.

There are many ways to modify (6.5) so that (1.3) and (5.13) are dealt
with simultaneously: they can be written symbolically as

$=0,(6.3),(6.4),(6.2),(5.13),(Xy), . . ., (X}) (6.6)

where the steps (X;) evaluate corrections (often by Newton’s method) for
both (1.3) and (5.13). A specific example of an iteration of the form (6.6)
can be exhibited by evaluating, at € = 1, the perturbation theory that
follows when ¢° — (P9)3 > e(¢3 — (P$)3) in (6.3, 6.4), ¢ > T €"¢,, and
{or} = {Zeopnl)
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Generally speaking, the step (X)) can be characterized as follows: given
{og,} from (X 1) one corrects ¢ (and possibly ¢, and ¢, a]) in accord with
(1.3) and re-evaluates A(a,), Ag,, and Ay, . Since ¢ has been modified, A,
is not zero at {a,}, except by acmdem the simplest estimate of the corrected
values {o,} is (Newton’s method)

2R, oy 005t Ay, {6.7)
a, <o, + 8%

Equation (6.7) exhibits, in a fairly general way, the importance of a solva-
bility condition. The infinite determinant 37\& o | is not well-defined ; the
equivalent condition,

1 =
iAij [#0, Ay = i;l: (Haiaj - X Vaiaj) (6.8)

is necessary and sufficient for unique determination of {8«,,}.
The leading approximation of (6.6) (or (6.5)) is

(Xo)=($=0,(6.3), (6.4), (6.2), (5.13)) (6.9)

and, except for (5.13), the general solution is
O, 13y, a3, (@}') =4, () sin £+ A5(7) sin 3¢ + 3 a,() sinnt (6.10)
where {a,} and T’ exclude n =1 and 3 and

A, (r)=Alr; ()

r

in 3
As()= (a3 ! foA%os 3oda) S“;r 4 (6.11)

0

- 3

+4 ( j0A3 sin 3od0) cos ot

3r
1
sin nr
an(r) = aﬂ nr

There is a notable difference between the notions of successive approxima-
tion here and in Section 4: there, a number of new harmonics are introduced
at each stage (compare (4.11)); whereas here, the harmonics are all present
{including those where r is even) and it is new interactions that are successively
introduced. The condition (5.13) determines the values of all the integration
constants {a,} at each stage, with the satisfying result that those in {w,} are
zero.

The quantities that appear in the leading approximation of (5.13) are:

K1 = K(ay) and 61 =8(k(o))
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as discussed in Section 3;
k3(@r, a3) = R(A(0),k)  and  B3(ay, a3) = 5(A(0), k)
as defined by (4.14) with a3 = A(0); and, for n # 1 or 3,
Ky =0y and 5,=0

It follows directly from (5.13) (2 # 1 or 3) that A = 0 (ror allowed) or
{e,} = {0}, thus indicating the equivalence (in practice—not in principle)
of the successive approximations here are in Section 4. The result, o, =0
for a ‘non-interacting’ harmonic, is obtained at all stages of (6.6).

The two remaining conditions are

Ky (K18 10, — 2\ 1q) + K3(3K 3830, — 2MK36,) =0 (6.12)
k3(3K38 30, — 2A3e ) =0

In the leading approximation the bifurcation condition has the two roots,
Moy, ag): K181, = ZMK 14, OF K383, = 6Nk 34, ; Only the first is related to the
problem at hand ‘where o~ ~ A sin #. Thus

=N~ Nay) = 3x8(x), k() =K (6.13)

T <

(k&' (k) varies smoothly from 37k 2/8 (k - 0) to mx/2, approximately (k —> ©°).)
It follows from (6.12) and (6.13) that « is in the spectrum {ip}:

k3=0vk=y~IWHY, By TWEE  (619)

(compare Section 4).

The determinant | A | is relatively easy to evaluate in the leading approxi-
mation. Equations (6.12), complemented by —2Aa,, = 0 forn # 1 or 3, are
the equations ( 1/7r)(V — M, ) = 0; the aj-derivative of the left-hand side
of the 7th condition is — QAA %mce Ao, = O A acts like a constant in the
calculation of A;; and the only entries t’flat are not ones on the principal
diagonal are those from (6.12). The further relations, k3 =K 4, = 814, = 0,
1814, = 2Nk 14 and k3, = 1 (compare (4.14) which also xmphes sin 63=10),
can be used to obtain

_ k1814
R e )

= — (K2, (8" (K)) 18 (D) L= =) (6.15)

1

From the results of Section 3, the leading estimate of | A,-]- | cannot vanish—
when (6.6) converges the solution is nondegenerate, and the conjectures at
the end of Section 5 are verified near the oy-axis.
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7. The irresistible force—asymptotics

The discrete spectrum of spherically symmetric, periodic solutions is based
on three majos conjectures:

(1) That it makes sense to delimit the class of regular, periodic solutions
of (1.3) by the conditions of the associated variational problem. Some such
conditions are necessary if we are to find a nondegenerate spectrum; the choice,
a variational formulation, is known to be related to stability; buf the stability
theory has not been presented here.

(2) That there is a convergent iteration (6.6). There appears to be enough
information here to suggest the a priori estimates necessary for a constructive
existence proof; but of course one has not been provided.

(3) That the simplest solutions (near the a-axis) are somehow preferred.
This is almost as arbitrary as quantizing the theory, but it can be checked.
The simple solutions either are attractor in some wider class of problems or
they are not.

In this section we shall accept the major conjectures and add quite a few
others.

The basic problem here is to isolate that feature of a (¢*),-wavepacket that
plays the role of mass of a (¢*)4-particle. To be certain we have made the
correct identification, it will be necessary to relax conditions -1V and discuss
accelerated wavepackets: a very sketchy theory of interactions will be
presented.

We propose first to consider solutions of (1.1) that have the property,

P(x, 1) = ¢1(x, 1) + $2(x, 7) (7.1
p1<py  InRy()
P2 <Py in R, (1)

where R(¢) and R, (1) are disjoint regions of space. Solutions of the form (7.1)
can be regarded as interacting wavepackets, sufficiently well separated to
preclude strong interactions and the creation and destruction of particles.

For such solutions we propose the provisional scheme of successive
approximations,

01X, 1) Prpe — DGy + 0> + (3 + Y1)P20.° + (3 — Y2)$ ¢, =0
$2(X, )1 Gz — A + 02> + (3 +712)8195° + 3 —71)06,=0 (7.2)

with the initial condition ¢, — Ag, + ¢23 = 0, The most that can be said, at
this point, about the functions v, (x, ¢) and y,(x, ¢) is that they cannot be
arbitrary : an arbitrary choice of (74, ¥,) leads to an arbitrary interaction of
two wavepackets; the Euler equation (1.1) determines a specific interaction.
It appears that the 7’s are to be determined by necessary conditions for the
convergence of (7.2) to a solution of (1.1); and it can be conjectured that
they are related to isospin and hypercharge of interacting scalar mesons.
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We shall postpone the problem of determination of the 7’s, and examine
the generic problem in the iteration, viz.

b — AP+ ¢+ W(x, )% + V(x, )¢ =0 (7.3)

where V(x, f) and W(x, r) are specified potentials. The corresponding
Lagrangian density is

L=367 -3V — jo* — §o’wW - 16’V (7.4)
and the conservation laws are

s+ (puy) ;= 567V, + 63w,

(7.5)
(pug)y + mizy = —46*V,; — §6°W,;
where
pP= (btgzj)t -
=397 +1Ve ) +39* + 107 W + 50V (7.6)

Pui =0 Ly, = — 94
T =L 8 — ¢,i$¢,,- =L6;+ b:0;

There are quantum mechanical approximations of (7.3) (Bisshopp, 1971b);
we shall bypasss them here, and isolate the classical particle mechanics. The
basic hypothesis is that we are dealing with a sotution that has a characteristic
frequency that is large, i.e. that there is a local oscillation with a period that
is negligibly small, compared with any other time-scale in the problem.
Formally, we introduce a characteristic frequency w(z) and consider the limit
w = o0, The leading term of the asymptotic expansion of a solution of (7.3) is
then

o, )= w®)6E, 7, %, H(1 +0(w™)) 7.7
where
E=w@x - X@)(1+0(w™) (7.8)
7= fw(s) ds (1 +0(w™))
and

43'7'7' - A’ga + $3 =0 (7.9)

To complete the description of the leading approximation for a classical
particle we shall treat the special case (in accord with the major conjectures)
where ¢ describes the Nth moving, spheroidal wavepacket (compare (1.12));
ie.

¢(X, Z‘)Nw(f)(ﬁN(f, f) (710)
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where
;:\T/—;g-:U%, U(r) = dX/dt (7.11)
r 2
Pegp - @gr +EET ey

The equations of motion (for w (¢} and X(¢)) are now to be found by sub-
stitution of (7.10) and (7.11) in the conservation laws (7.5); the calculation
is easiest in the nonrelativistic case where U2 < 1. In the double limit, w - =
and U~ 0, we have

(%, £) ~ wop (7, 7)
r~1El=wlx - Xl

7
T~ J-wds

¢t~w2(¢m --~U.’g‘-¢-);{"—’)+ w(on +7dny) (7.12)

V¢~w2’€¢—if—r

1 4w
d3x~—3d3é§=—3r2dr
w W

The next step is to compute p, pu; and 7, and then to evaluate the con-
servation laws, averaged (Whitham, 1965) over the rapid variation of ¢ with
7 and then integrated over all space. Let (-) denote the average over the
period 27 of the 7-variation; then

(p) = W H(@r + 6R) + 40"
+ wH oYV + 0(w*U?) + 0(w? &) (7.13)
Coupy = wH@F ) Us + 0(w? o)

Now (p,) = {p and ((pu;) ;) ~ WU Dk, ) s neglecting terms of higher
order, we obtain for the first of equations (7.5), evaluated at U = 0,

(p)~ {302V, (7.14)

The integral of (7.14) over all space is

o . 1 . 19K )
™ (ngnm(wHR +;KR)) ~ lim ——~& (7.15)
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where
—_— R —_—
Hg =4m [ r*(3(@ky + 0k dr ~ RHy
o

R

Kr=dm | P3op®)Vdr~RGyV(X, 1)
0
T — - 2 7T Kn
Hy=nEkby, Gy= B L (7.16)
N

The two sides of (7. 15) are compatible, and it follows directly that w = O—the
rest frequency of a (¢*)4 classical particle is constant.

It follows easﬂy that the surface mtegrals of {myn; ) are 0(1) as R > *°; the
integrals of r* (9%, > and 4r*{¢%;, + ¢%, ) diverge at the same rate (RHN/47:')
and R is dimensionless. The remaining conservation laws, averaged twice and

evaluated at U =0, are
d dX; av
7 (IJ(} dt) —Hy T ox, (7.17)

where
Ho =fieo,  H=Hy (7.18)
pp=g/w, g=Gy
The acceleration of the guiding center is 0(w 2) in the double limit w - e,
U~ 0;1ie. the nonrelativistic classical mechanics is governed by
dX; 514 G,
e p=2ed (7.19)
t w” 0x; X9
To find the relativistic mechanics, we note that (7.3} is invariant under the
Lorentz transformation to the instantaneous rest-frame. The relativistic motion
of the guiding center is determined implicitly by (¢, X) = (X*(s)) and (¢, —X) =
Xo(9)):

Xex, =1
o FYa (7.20)
(MXQ) =M 37;
where
p(s) = to + u V(X *(s)) (7.21)

The final result follows from X*(uX,) = £ = i, V and the requirements that
{7.20) > {7.19) in the double limit, w ~ e and U > 0, and in the limit ¥ - 0.
It may be noted that the effective rest mass is the sum of a constant bare
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mass and a correction that depends on the interaction, even in the classical
limit.

Interactions according to (7.20) will be discussed, along with stability and
stronger interactions, in a sequel; for the moment, let us simply observe that
the interactions are weak in two senses: In the first place; given V, the inter-
action is vanishingly small when ¢ = oo, ag we have seen. Secondly; the
potential that describes the interaction of one particle with another is
0(lr — r' | ™) in the non-relativistic case; i.e. the force-law is inverse cube,
rather than inverse square. Moreover, (¢%); lacks charge and spin, but quite
possibly has hypercharge and isospin; it seems safe to assert that it cannot

possibly describe particles more complicated than the scalar mesons, if indeed
it does that.
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